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Relating the forward light-by-light scattering to energy weighted integrals of the 7*7 fusion cross 
sections, with one real photon (7) and one virtual photon (7*), wc find two new exact super- 
convergence relations. They complement the known super-convergence relation based on the ex- 
tension of the GDH sum rule to the light-light system. We also find a set of sum rules for the 
low-energy photon-photon interaction. All of the new relations are verified here exactly at leading 
order in scalar and spinor QED. The sxipcr-convergence relations, applied to the 7*7 production of 
mesons, lead to intricate relations between the 77 decay widths or the 7*7 transition form factors 
for (pseudo-) scalar, axial-vector and tensor mesons. We discuss the phenomenological implications 
of these results for mesons in both the light-quark sector and the charm-quark sector. 
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I. INTRODUCTION 

Light-by-light (LbL) scattering is a prediction of the quantum theory [1, 2] which thus- far has not been directly 
observed, mainly due to smallness of the cross section. On the other hand, the process of 7*7* fusion (by quasi-real 
photons 7 or virtual photons 7*) into leptons and hadrons has been observed at nearly all high-energy colliders, see 
e.g. [3 5] for reviews. The two phenomena LbL scattering and 77 fusion must be related by causality, similar 
to how the refraction index of light is related to its absorption in the Kramers-Kronig relation. The main goal of 
this work is to establish such relations and use them to investigate the structure of hadrons in the realm of quantum 
chromo- dynamics (QCD). 

The electromagnetic interaction provides a clean probe and the two-photon state allows to produce hadrons with 
nearly all quantum numbers (with C = +), in contrast to the well studied single-photon scattering or production 
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processes, which only accesses the vector states. When producing exclusive final states such as in the 7*7* — >■ meson 
process, one accesses meson transition form factors (FFs), which are some of the simplest obscrvablcs where the 
approach to the asymptotic limit of QCD is studied along with the quark content of mesons described by distribution 
amplitudes (DAs). The non-perturbative dynamics of QCD is also playing a profound role in these FFs at low 
momentum transfers. For example, the transition FFs of the r] and rj' mesons depend on the interplay of various 
symmetry breaking mechanisms in QCD, i.e.: 1/^(1) symmetry breaking [6], dynamical and explicit chiral symmetry 
breaking. In addition, the 7*7* — > meson transition FFs are important for providing and improving constraints on 
the light-by-light hadronic contribution to the anomalous magnetic moment of the muon, (g — 2)^. The hadronic 
contributions to {g — 2)^ are at present the major uncertainty in the search for new, beyond Standard Model, physics 
in this liigli-precision quantity [7]. 

In recent years, new experiments at high luminosity e+e~ colliders such as BABAR and Belle have vastly expanded 
the field of 77 physics. The result of a measurement of the 7*7 — )• FF at large momentum transfers by the 
BABAR Collaboration [8] came as a surprise, as this form factor seems to rise much faster than the pcrturbative 
QCD predictions for momentimi transfers up to 40 GcV^. A 77 physics program is planned now by the BES- 
III Collaboration [9], which will allow to provide high-statistics results at intermediate momentum transfers for a 
multitude of 7*7* hadron observables. 

In this work we use the dispersion theory to relate the two phenomena of LbL scattering and 7*7 fusion, and 
express the low-energy LbL scattering as integrals over the 7*7-fusion cross sections, where one photon is real while 
the second may have arbitrary (space-like) virtuality. These integrals, or 'sum rules', lead to interesting constraints 
on 77 decay widths or 7*7 transition FFs of qq states, and more general meson states. The first sum rule of this type 
involves the helicity-difference cross-section for real photons and reads as: 



00 

/ 



ds 
s 



a2{s)-ao{s) =0, (1) 



where s is the total energy squared, sq is the first inelastic threshold for the 77 fusion process, and the subscripts 

or 2 for the 77 cross sections indicate the total helicity of the state of two circularly polarized photons. This sum rule 
was originally^ inferred [10, 11] from the the Gerasimov-Drell-Hearn (GDH) sum rule, using the fact that the photon 

has no anomalous moments. 

Parameterizing the lowest energy LbL interaction by means of an effective Lagrangian (which contains operators 
of dimension eight at lowest order) as 

^^^^ = ciiF^.F'^'^f + C2{F^.F^'')\ (2) 

with F and F being the electromagnetic field strength and its dual, one finds sum rules for the LbL low-energy 
constants (LECs) [13]: 



00 00 



So So 



where the subscripts 1 1 or _L indicate if the colliding photons are polarized parallel or perpendicular to each other. 
While the GDH-type sum rule provides a stringent constraint on the polarized 77 fusion, the sum rules for the LECs 



^ An earlier version of tliis sum rule had been proposed in Ref. [12], where a contribution from tt" production appears on the right-hand 
side (rhs) of Eq. (1), while integration on the Ihs starts at the 2tz production threshold. That version would be fully compatible with 
Eq. (1), if it were not for the sign of the tt" contribution obtained in [12]. 
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allow one in principle to fully determine the low-energy LbL interaction through measuring the linearly polarized 77 
fusion. 

In this work wc extend the GDH type sum rule to the case where one of the colliding photons is virtual, with 
arbitrary (space-like) virtuality. Furthermore, we find two additional sum rules, involving the longitudinally polarized 
7*7 cross sections. All details of sum rule derivation are gathered in Sec. II. In Sec. Ill, all of the newly derived 
sum rules are verified at leading order in scalar and spinor quantum electrodynamcis (QED). Next we apply these 
results to the 7*7* fusion to mesons. Using the available data, we quantitatively study the new sum rules derived 
in this paper for the case of production of light quark mesons as well as mesons containing charm quarks, both by 
real photons in Sec. IV A, and by virtual photons in Sec. IV B. We demonstrate the intricate cancellations that must 
occur among the (pseudo-) scalar, tensor, and axial-vector mesons in order to satisfy these sum rules. In the case of 
production of virtual photons, we use these relations to provide estimates of hitherto unmeasured 7*7 transition form 
factors of tensor mesons, such as /2(1285) and a2(1320). The conclusion and outlook is given in Sec. V. 

The Appendices contain (A) a review of the kinematical notations and + e~ + e~ + X cross section 

conventions; (B) expressions for the tree-level 7*7* cross sections for the case of scalar and spinor QED (Sec. B); 
(C) general formalism for the 7*7 — > meson transitions with different quantum numbers {J^'~'), i.e.: pseudo-scalars 
(0 '"), scalars (0++), axial-vectors (l"*"*"), and tensors (2++). 



II. DERIVATION OF SUM RULES FOR LIGHT-LIGHT SCATTERING 



A. Forward scattering amplitudes 



In the most general case we consider the forward scattering of virtual photons on virtual photons: 

7*(Ai,gi)+7*(A2,g2) -^7*(A'i,?i)+7*(A2,(Z2), (4) 

where qi, q2 are photon four-momenta, and Ai,A2 {^1,^2) are the helicities of the initial (final) virtual photons, 

which can take on the values ±1 (transverse polarizations) and zero (longitudinal). The total helicity in the 7*7* 
cm. system is given by A = Ai — A2 = X[ — AJ,. To define the kinematics, we firstly introduce the photon virtualities 
Ql = —ql, Q2 = — 92) the Mandelstam invariants: s = {qi+q2)^, u = {qi — 52)'^, and the following crossing-symmetric 
variable: 

iy=l{s-u) = qi-q2, (5) 

such that s = 2i> — Ql — Qi, u = ~2v — Q\ — Ql- 

The 7*7* — 7*7* forward scattering amplitudes, denoted as Mx'^y^.x^x^, are functions of v, Qf, Q\. Parity 
invariance [P) and time-reversal invariance (T) imply the following relations among the matrix elements with different 
helicities : 

P- ^AiAi,AiA. = M_x.^_x.^,-X,-X,, (6) 
T: My^y^^x,X2 = ^AxA^.AiA^, (7) 

which leaves out only eight independent amplitudes [14]: 

M++,++, M+_,+_, M++,__, Moo.oo, M+0,+0, Mo+,o-F, M++,oo, Mo+,-o- (8) 

We next look at the constraint imposed by crossing symmetry, which requires that the amplitudes for the process 
(4) equal the amplitudes for the process where the photons with e.g. label 2 are crossed: 

7* (Ai, gi) + 7*(-A2, -q2) ^ 7* (A'l, gi) + 7*(-A2, -92). (9) 
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As under photon crossing v ^ —v, one obtains 

it becomes convenient to introduce amplitudes which are either even or odd in u (at fixed Ql and Q2)- One easily 
verifies that the following six amplitudes are even in u : 

(M++,+++M+_,+_), M++,__, Moo,oo, M+0,+0, Mo+,o+, (M++,oo + Mo+,_o) , (11) 

whereas the following two amplitudes are odd in u : 

(M++,++ - M+_,+_) , (M++,oo - Mo+,-o) . (12) 



B. Fusion of two virtual photons 



The optical theorem allows one to relate the absorptive part of the 7*7* — >■ 7*7* forward scattering amplitudes to 
cross sections for the process 7*7* X , where X stands for any possible final state. Denoting the absorptive part as 

W^AiA^.AiA. ^AbsMv^;,,,;,^^., (13) 

the optical theorem yields: 



W: 



W++,++ 4 


- w+.,+. 




2\ 


IX (ao + 


w++,++ - 


■ W+-,+- 




2\ 


/X (ao- 




W++,— 
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fX (ail - 








2\ 


/ X gll, 




W+0,+0 




2\ 


1 X gtl, 




Wo+,o+ 




2\ 


/ X glt, 


W++,oo - 


■f Wo+ -0 
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/ X ttl, 


W++,oo • 


- Wo+ -0 




A\ 


'Xttl, 



where ^XiX2{QiiQ2]Px) denotes the invariant amplitude for the process 

7*(Ai,gi) + 7*(A2,g2) ->X(px). (15) 

As a result, the absorptive parts are expressed in terms of eight independent 7*7* — ^ X cross sections (see Ref. [3] for 
details): 

'11 + aji) =4y/XaTT, (16a) 
T, (16b) 

TT, (16c) 

(16d) 
(16e) 
(16f) 
(16g) 
(16h) 

where the virtual photon flux factor is defined through 

X={q,. q^f - qUl = - QIQI (17) 

In Eq. (16), ao{a2) are the 7*7* — )• X cross sections for total helicity (2) respectively, and cr||(cr_L) are the cross 
sections for linear photon polarizations with both photon polarization directions parallel (perpendicular) to each other 
respectively. The remaining cross sections (positive definite quantities a) involve either one transverse (T) and one 
longitudinal (L) photon polarization, or two longitudinal photon polarizations, with ctlt and aTL related as : 

aLTiiy,QlQl) = aTL{i^,QlQl). (18) 

The quantities ttt,t^tt'^tl,t^l denote interference cross sections (which are not sign-definite) with either both 
photons transverse {TT), or for one transverse and one longitudinal photon (TL), where the superscript a indicates 
the combinations which are odd in v. 
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C. Dispersion relations 

The principle of (micro-)causality is known to translate into exact statements about analytic properties of the 
scattering amplitude in the complex energy plane. In our case this principle translates into the statement of analyticity 
of the forward 7*7* scattering amplitude in the entire v plane, except for the real axis where the branch cuts associated 
with particle production are located. Assuming that the threshold for particle production is > 0, one can write 
down the usual dispersion relations, in which the amplitude is given by integrals over the non-analyticitics, which in 
this case arc branch cuts extending from ztz/Q to ±cxd. Finally, for amplitudes that are even or odd in u we can write 
(for any fixed values of Q\,Q\ > 0): 

2 f°° v' 

fevenit^) = " / ^'^' ^/2 _ ^2 _ ■q+ ^^^ feven{l^'), (19a) 

2i/ 1 

foddiiy) = - / di^'—^ ^—AhsfoMiiy'), (19b) 

where 0+ is an infinitesimal positive number. 

These dispersion relations are derived with the provision that the integrals converge. If they do not, subtractions 
must be made; e.g., the once-subtracted dispersion relation for the even amplitudes reads: 

2u'^ f°° 1 

feven{v) = feven{0) + —J dl/ ^^,^^,2 _ y2 _ ^q+^ ^bs /e„en(i^O- (20) 

We are thus led to examine the high-energy behavior (z/ ^ oo at fixed QX-iQ^) of the absorptive parts given by 
Eq. (16). In Ref. [14], a Regge pole model assumption for the high-energy asymptotics of the light-by- light forward 
amplitudes yielded: 

(W++,++ + W^+_,+_), W^+0,+0, Wo+,o+, W^oo.oo ~ 

(W^++,++-W^+_,+_), ~ (21) 

(W++,oo + Wo+,-o) , (W^++,oo - T^o+,-o) ~ 

where ap(0) ~ 1.08 is the intercept of the Pomeron trajectory, and a7r(0) ~ —0.014 is the intercept of the pion 
trajectory. This means that for all the even amplitudes, except M++^oo + Afo+,-0) one can only use the subtracted 
dispersion relation Eq. (20). We therefore need the information about these amplitudes at zero energy v. Anticipating 

the discussion of the low-energy expansion of the LbL scattering, we can state that at = these amplitudes vanish 
when one of the photons is real [cf. Eq. (25)]. Using Eq. (16) then to substitute the cross sections in place of the 
absorptive parts, we obtain the following sum rules for the case of one real and one virtual photon (when the virtual 
photon flux factor becomes X = u'^): 



-luo V ^ — V- — l0+ 

,2 /-oo 



0-F,0-|- 



M. 



(.) = 1^ Hd.' (22d) 



We cannot write such a subtracted sum rule for Moo,oO) since it trivially vanishes when one of the photons is real. 
Instead, considering an unsubtracted dispersion relation, we find the following sum rule: 

Moo,oo(.) = - rd^' ^^'f^T^^ ^ (22e) 
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with X' = v'^ — Q\Q\- At least in perturbative QED calculations (cf. Appendix B), the above integral converges 
which seems to validate this sum rule in a renormalizablc, perturbative field theory. We emphasize however that this 
observation is in contradiction with the expectation of non-convergence from the Regge pole model shown above. A 
validation of this sum rule in non-perturbative field theory, particularly in QCD, is therefore an open issue. 

For all the remaining amplitudes the asymptotic behavior of Eq. (22) justifies the use of unsubtracted dispersion 
relations which, upon substituting Eq. (16), lead to the following sum rules, valid for both photon virtual: 

M++,oo(^) + Mo+,_o(^) = I jjv' "^^^J^^^!^ , (22h) 

where the dependence on virtualities , Q2 is tacitly assumed. 

The above sum rules, relating all the forward 7*7* elastic scattering amplitudes to the energy integrals of the 7*7* 
fusion cross sections, should hold for any space-like photon virtualities in the unsubtracted cases, and for one of the 
virtualities equal to zero in the subtracted cases. In the following we examine the low-energy expansion of these sum 
rules. 



D. Low-energy expansion via effective Lagrangian 

To obtain more specific relations from the sum rules established in Eq. (22), we parametrize the low-energy (small 
v) behavior of the 7*7* 7*7* forward scattering amplitudes M. At lowest order in the energy, the self-interactions 
of the electromagnetic field are described by an effective Lagrangian (of fourth order in the photon energy and/or 
momentum, and fourth order in the electromagnetic field): 

= CiiF^.Fn' + C2{F^uFn\ (23) 

where F^,,, = df,A,y-d„Af,. pi^" = ef'^'^^daAs, and where ci, C2 arc two low-energy constants (LECs) which contain the 
structure dependent information. It is often referred to as Eulcr-Heiscnberg Lagrangian due to the seminal work [1] . 

At the next order in energy, one considers the terms involving two derivatives on the field tensors, corresponding 
with the sixth order in the photon energy and/or momentum. Writing down all such dimension-ten operators and 
reducing their number using the antisymmetry of the field tensors, the Bianchi identities, as well as adding or removing 
total derivative terms, we find that there are 6 independent terms at that order, which we choose as : 

if(io) = c3{d„F^,){d"F^-')FxpF^''' + c^id„F^,){d^F^'-')FxpF^P 
+ c,{d"F„,){df,F^'')FxpF^P + ceid„d"F^,)F^''FxpF^P 

+ cr{dad"F^,)F^^''FxpF^P + cs{d"F„^){d^F^^)FpxFP^', (24) 

where C3, . . . , Cg are the new LECs arising at this order. Only C3 and C4 appear in the case of real photons. 

We can now specify the low-energy limit of the light-by-light scattering amplitudes in terms of the LECs describing 
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the low-energy self-interactions of the electromagnetic field: 

M++,++ + M+_,+_ = QlQl [64(ci - C2) + A{Q\ + Ql){-cz - Sa - 4c5 + Scj - cg) + ^(Q*)] 

+ 8i/2 [8(ci + C2) + {Ql + Ql) (-C3 + 3c6 + 4c7) + ^{Q^)] + e{v^), (25a) 
M++,__ = g?Q2 [64c2+4(Q? + Q2)(_c3 + 2c6-C8) + ^(Q^)] 

+ 81/2 [g(^^ _ ^^-) ^ ^ g2) ^ 4^^^ ^ ^(g4)] ^ ^(^4)^ (25b) 

Mo+,o+ = QlQl [-32ci + 4g?C8 + 4(Q2 + q2)(^^ ^ ^ - 2c6 - 4c7) + ^(Q^)] 

+ [-4g?C8 + ^(Q*)] + e{v^), (25c) 
M+0,+0 = [-32ci + 4Q2c8 + 4(Q2 + Ql)[ci + 4c4 + 2c5 - 2c6 - 4c7) + ^(Q^)] 

+ Z/2 [-4Q2c8 + ^(g4)] + ^(j,4)^ (25d) 

Moo,oo = QlQl [96ci + 4(gf + g^)(-2c3 - 4c4 - 2c5 + Scg + 12c7 - cg) + ^(Q^)] 

+ ^(z/2), (25e) 

M++,++ - M+_,+_ = 8i/Qf Qi [-C3 - 4c5 + cg + ^(Q^)] + [_64c4 + ^(Q2)j ^ ^(^,5-,^ (25f) 

M++,oo - Mo+,_o = vQxQi [-64ci + (Q? + Qi) (4c3 - 16c6 - 32c7 + 4c8) + G^Q")] 

+ G{y^). (25g) 

M++,oo + Mo+,_o = Q?(3i [4C5 - 12C8 + ^(Q^)] + 4!/2giQ2 [2C3 + 16C4 + 4C5 + C8 + ^(Q2)] 

+ ^(z/^). (25h) 

These expressions can be treated as a simultaneous expansion in v and the virtualities Q\ of the Ihs of the sum rules 
Eq. (22). Concerning the Q dependence, it is important that the leading in v term, in any of the amplitudes, is 
proportional to Q\Qi and hence vanishes for at least one real photon. The latter statement is valid for any values 
of virtualities, not just when they are small. For example, let us show for the amplitude (M+_|_^_|__|_ — M+_^_|__) its 
leading term in v is proportional to the combination Q\Q\, to all orders in Q\ and Qi. 

Since all photons are transversely polarized the only non-vanishing structures involving polarization vectors of 
photons e{\i) arc their mutual scalar products £(Aj) • £(Aj). Due to gauge invariance, the electromagnetic fields enter 
the Lagrangian through the field tensor F^^, which contributes to the amplitude as q^^e^ — q^Sij,- Thus an arbitrary 
term in the efi^ective Lagrangian contributes to (M++^_|_+ — M+_^+_) as: 

M++,++ - M+_,+_ ~ q'^q^q^q^T^.xp, (26) 

where the tensor T^^Ap is constructed from four-vectors qi and the metric tensor. Since this amplitude is odd with 
respect to v, it is required to be proportional to at least ly^. Assuming that one factor i/ comes from contraction of 
two of the g's in Eq. (26), we are left with (7^92 • Now, if we suppose that qi is contracted with 52 we obtain an extra 
power of v, and such an amplitude vanishes when taking the limit u ^ 0. Thus, both qi and 92 must be contracted 
with another qi and q2 respectively, giving a global factor Q\Q2- 

We are now in position to examine the sum rules in Eq. (22) order by order in v. For this we expand the rhs of 
Eq. (22) using l/{v''^ - u^) = l/i/'^ + u'^/i/'^ + ff{u^). As the result we obtain from Eqs. (22f,22g,22h) the following 
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set of super-convergence relations, valid for at least one real photon (e.g., Qi > 0, Q2 = 0): 

CO 

= / ^^ (g+^Q2) ^rr(g>Qi.0)> 



oo 

/ 



ds 



CTll + CTlT H T^TL 



QiQi 



Qi=0 



= ds 



rTL{s,Ql,Ql) 
Q1Q2 



(27a) 
(27b) 
(27c) 



Qi=0 



and the following set of sum rules for the LECs of the dimension-S (Euler-Heisenberg) Lagrangian, valid when both 
photons are quasi-real: 



Cl 



00 

i fds , „ 

So 

00 

SttJ s 



Q1Q2 



1 

877 



So 
00 



Qi=Ql=0 



ds 



Q1Q2 



So 

00 



Q?=Qi=o 



1 f ds , „ „x 



(28a) 
(28b) 
(28c) 
(28d) 



where sq = 2i/o — <3i — Qi- We emphasize again that, unlike the other sum rules, the sum rule of Eq. (28c) is only 
shown to hold in perturbative field theory. 

There are as well the sum rules for the LECs of the dimension-10 Lagrangian, most notably: 



00 

C4 = s3^Tt(s,0,0), 



(29) 



but presently they are of far lesser importance and we do not write them out here explicitly. 

Let us remark again that the relation of Eq. (27a), obtained by combining Eqs. (22f) and (25f), is essentially a GDH 
sum rule for the photon target, see [10-12]. For large virtuality Qi, it leads to the sum rule for the photon structure 
function [15]: dxg1{x, Q^) = 0. 

The sum rules in Eqs. (28a) and (28d), first established in [13], are obtained by combining Eqs. (22a) with (25a) 
and Eqs. (22b) with (25b), respectively. All the other relations presented above are new. In the following section we 
verify these sum rules in QED at leading order in the fine-structure constant a. 



III. SUM RULES IN PERTURBATION THEORY 



We will subsequently discuss a pair production in scalar QED (e.g.. Born approximation to 7*7* tt+tt ) and in 
spinor QED (7*7* qq where q stands for a charged lepton or a quark). 
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A. Scalar QED 



The response functions for the case of scalar QED at fowest order in the electromagnetic coupling can be found 
in Appendix B 1. We firstly study the three sum rules of Eqs. (27a, 27b, 27c) for the case of one real or quasi-real 
photon {Q2 — > 0) and for arbitrary space-like virtuality {Q^ > 0) of the other photon. To better see the cancellation 
which must take place in these sum rules between contributions at low and higher energies, we show the integrands of 
the three sum rules in Figs. 1, 2, 3 multiplied by s. In this way, when plotted logarithmically, one can clearly see how 
the low and high energy contributions cancel each other. For the sum rule of Eq. (27b) , we denote the integrand as : 



/ = 



1 



(s + g?), 
Q1Q2 



~'^TL 



(30) 



Qi=0 



AH three sum rules of Eqs. (27a, 27b, 27c) are exactly verified in scalar QED for arbitrary space-like values of Q\. 
One notices from Figs. 1, 2, 3 that for larger values of Q\ the zero crossing of the integrands shifts to larger values 
of s, requiring higher energy contributions for the cancellation to take place. For the helicity difference sum rule of 
Eq. (27a), one notices that at low energies cto dominates while with increasing energies 02 overtakes. 




500 1000 



s/m ' 



FIG. 1: The 7*7 — > ■k'^-k tree level result (scalar QED) for the integrand in the Act = CT2 — ctq sum rule of Eq. (27a), multiplied 
by s, where one of the photons is real. The different curves are for different virtualities for the other photon : Qi = (solid 



black curve), Q\ 



(short-dashed red curve), Q\ = 5m^ (long-dashed blue curve) 



Besides exactly verifying the sum rules which integrate to zero, we can also use the above derived sum rules to 
study the low-energy coefficients for light-by-light scattering in scalar QED. Using Eqs. (28a, 28d), we obtain for the 
tree-level contributions to the lowest order coefficients c\ and ci in scalar QED: 

m4l440' m4l440' ^ ' 



B. Spinor QED 



The response functions for the case of spinor QED at lowest order in the electromagnetic coupling can be found 
in Appendix B2. We again study the three sum rules of Eqs. (27a, 27b, 27c) for the case of one real or quasi-real 
photon {Q\ 0) for different space-like virtualities of the other photon. As the tree level contribution to ttl in 
spinor QED vanishes for one quasi-real photon, one notices that the sum rule of Eq. (27c) is trivially satisfied. For 
the sum rules involving the helicity difference of Eq. (27a), and involving the integrand / of Eq. (30), we show the 
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10 20 50 100 200 500 1000 

s /m 



FIG. 2: The 7*7 — > n'^TT~ tree level result (scalar QED) for the integrand in the ttl sum rule of Eq. (27c) multiplied by s, 
where one of the photons is quasi-real. The different curves are for different virtualities for the other photon : Qi = (solid 
black curve), — m? (short-dashed red curve), Q\ = 5m^ (long-dashed blue curve). 

0.005 




10 20 50 100 200 500 1000 

I 2 
s /m 

FIG. 3: The 7*7 — >■ tt^tt" tree level result (scalar QED) for the integrand I in the sum rule of Eq. (27b) multiplied by s, 
with I given by Eq. (30), where one of the photons is quasi-real. The different curves are for different virtualities for the other 
photon : Qi = (solid black curve), Qi — m? (short-dashed red curve), Q\ — 5m^ (long-dashed blue curve). 



corresponding integrands multiplied by s in Figs. 4, 5 for the case of one real or quasi-real photon and for different 
virtualities of the other photon. We again verify that the sum rules involve an exact cancellation between low and 
high energy contributions. 

Using Eqs. (28a, 28d), we obtain for the tree-level contributions to the lowest order coefficients ci and C2 for 
light-by-light scattering in spinor QED : 

^1 = ~nn' '^2 = — (32) 

90 360 

In these case we also were able to verify the sum rule in Eq. (29), yielding 

^^ = -;^3T5' 

in agreement with the result obtained in Rcf. [16] for the low-energy photon-photon scattering. 
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FIG. 4: The 7*7 — >■ e^e~ tree level result (spinor QED) for the integrand in the Act = CT2 — ctq sum rule of Eq. (27a), multiplied 
by s, where one of the photons is real. The different curves are for different virtualities for the other photon : Qi = (solid 
black curve), Q\ — w? (short-dashed red curve), Q\ = 5m^ (long-dashed blue curve). 




-0.01 



10 20 50 100 200 500 1000 

FIG. 5: The 7*7 — >■ e+e~ tree level result (spinor QED) for the integrand 7 in the sum rule of Eq. (27b) multiplied by s, 
with I given by Eq. (30), where one of the photons is quasi-real. The different curves are for different virtualities for the other 
photon : Qi = (solid black curve), Q\ — m? (short-dashed red curve), Q\ — 5m^ (long-dashed blue curve). 

A more detailed study of the LbL sum rules in field theory, including loop effects, production of vector bosons, etc., 
is the subject of our forthcoming publication [17]. 

IV. MESON PRODUCTION IN 77 COLLISION 

In the previous section, the sum rules of Eqs. (27a, 27b, 27c) integrating to zero have been shown to hold exactly in 
perturbative calculations (e.g., in QED or QCD in the perturbative regime). However as their derivation is general, 
their realization in QCD, in its non-perturbative regime, allows to gain insight in the 7*7 — > hadrons cross-sections. 
This was illustrated in Ref. [13] for the sum rule of Eq. (27a). In the remainder of this paper, we will elaborate on 
the discussion of Ref. [13] and extend it to the other sum rules presented above. The required non-perturbative input 
for the absorptive parts of the sum rules are the 7*7 — ^ hadrons response functions. In this paper, we will perform a 
first analysis by estimating the hadronic contributions to these response functions by the corresponding 7*7* — ^ M 
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(with M a meson) production processes, which are described in terms of the 7*7* — ^ M transition form factors. 

In Appendix C we detail the formaUsm and the available data for the 7*7* — >■ M transition FFs, and successively 
discuss the C-even pseudo-scalar (J^'" = ''), scalar {J^'~^ = 0++), axial-vector [J^^ = l^^), and tensor [J^'^ = 
2++) mesons. 

A. Real photons 

We first consider the helicity sum rule of Eq. (27a) with two real photons producing a meson, as well as the sum rules 
of Eq. (28d) for the mesonic contributions to the low-encTgy constants Ci and C2 describing the forward light-by-light 
scattering amplitude. When producing mesons, the sum rules will hold separately for states of given intrinsic quantum 
numbers. Therefore, we will separately study the sum rule contributions for light quark isovector mesons (Table I), 
for light quark isoscalar mesons (Table II), as well as cc mesons (Table III). For the isoscalar mesons, one could in 
principle separate the contributions according to singlet or octet states (or alternatively according to [uu + dd) / \f2 
or ss states). The corresponding mesons involve mixings however which complicate such separation, as this mixing 
is not known well enough for some of the states. We will postpone such a separation for a future work and add all 
isoscalar meson contributions in the present work. 

The pseudo-scalar mesons contribute to the helicity-0 cross section only, given by Eq. (C4). The corresponding 
contributions to the helicity sum rule of Eq. (27a) as well as the c\ and C2 sum rules are shown for the 7r° in Table II, 
for the r/, ry' in Table II, and for the ric{lS) state in Table III. 

Besides the pseudo-scalar mesons, also scalar mesons can only contribute to ctq. We show the contributions of the 
ao(980) in Table II, for the /o(980) and /o(1370) in Table II, and for the Xco{lP) state in Table III. For the scalar 
mesons, only the /o(1370) state gives a sizable contribution due to its large 27 decay width. 

For the helicity sum rule, one notices that in order to compensate the large negative contribution from the pseudo- 
scalar mesons, and to lesser extent from the scalar meson states, an equal strength is required in the helicity-2 cross 
section, a2- For light quark mesons, the dominant feature of the helicity-2 cross section in the resonance region arises 
from the multiplet of tensor mesons /2(1270), a2(1320), and /2(1525). For cc tensor mesons, the dominant tensor 
contribution is given by the Xc2{^P) state. 

Measurements at various e^e~ colliders, notably the recent high statistics measurements by the BELLE Collabo- 
ration of the 77 cross sections to tt+tt", tt^tt^, tjtt^, and K~^K~ channels [19-21] have allowed to accurately establish 
their parameters. For the light quark mesons, the experimental analyses of decay angular distributions have found [22] 
that the tensor mesons are produced predominantly (around 95% or more) in a state of helicity A = 2. We will there- 
fore assume in all of the following analyses that F^-y (>^(A = 0)) « 0, and that F^^ (>^(A = 2)) ps Tj^{^) in Tables I, 
II, III. We show all tensor meson contributions to the helicity difference sum rule as well as the Ci,C2 sum rules for 
which the 27 decay widths are known. 

For the isovector meson contributions to the helicity sum rule, shown in Table I, we conclude that the lowest 
isovector tensor meson composed of light quarks, 02(1320), compensates to around 70% the contribution of the 7r°, 
which is entirely governed by the chiral anomaly. For the isoscalar states composed of light quarks, the cancellation 
is even more remarkable: the sum of /2(127G) and /2(1525), within the experimental accuracy, entirely compensates 
the combined contribution of the rj and ry' mesons. 

For the cc states, one notices that the known strength in the tensor channel from the Xc2{^P) state only compensates 
about 20% of the strength arising from the r]c{lS) and Xco(l-P) states. We can however expect a sizable contribution 
to this sum rule from states above the nearby DD threshold, which we denote hy sd = Am\, « 14 GeV^, using the 
i3-meson mass mo ~ 1-87 GcV. So far, the helicity cross sections have not been measured above DD threshold. To 
estimate this continuum contribution to the helicity sum rule, which we denote by Icont-, we use a quark-hadron duality 



14 
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J — ((^2- (^0) 


Cl 


C2 




[Me V J 


[ke VJ 


[nbj 


Tin— 4 r^„-tr— 41 

[iO IjeV ] 


[iU (jCV J 


n 

tt' 


134.9766 ± 0.0006 


(7.8 ± 0.5) X 10~^ 


-195 ± 13 





10.94 ± 0.70 


UQ \VO\J ) 


QSin -1- on 


u.o ^ u.i 


on -1- fi 


u.u^i ^ u.uu r 


u 


02(1320) 


1318.3 ±0.6 


1.00 ± 0.06 


134 ±8 


0.039 ± 0.002 


0.039 ± 0.002 


02(1700) 


1732 ± 16 


0.30 ± 0.05 


18 ±3 


0.003 ± 0.001 


0.003 ± 0.001 


Sum 






-63± 17 


0.06 ± 0.01 


10.98 ± 0.70 



TABLE I: 77 sum rule contributions of the light quark isovector mesons based on the present PDG values [18] of the meson 
masses (mM) and their 27 decay widths F-y-y. Fourth column: a2 — fo sum rule of Eq. (27a). Fifth, sixth columns: ci,C2 sum 
rules of Eqs. (28a, 28(1) rcsijcctivcly. 





mM 




/^(^2-^0) 


Cl 


C2 




[McV] 


[keV] 


[nb] 


[lO-'GeV-^] 


[IQ-^GcV-*] 




547.853 ± 0.024 


0.510 ±0.026 


-191 ±10 





0.65 ± 0.03 


v' 


957.78 ± 0.06 


4.29 ±0.14 


-300 ± 10 





0.33 ± 0.01 


/o(980) 


980 ± 10 


0.29 ± 0.07 


-19 ±5 


0.020 ± 0.005 





/o(1370) 


1200 - 1500 


3.8 ± 1.5 


-91 ± 36 


0.049 ±0.019 





/2(1270) 


1275.1 ± 1.2 


3.03 ±0.35 


449 ± 52 


0.141 ± 0.016 


0.141 ±0.016 


/2(1525) 


1525 ± 5 


0.081 ± 0.009 


7± 1 


0.002 ± 0.000 


0.002 ± 0.000 


/2(1565) 


1562 ± 13 


0.70 ±0.14 


56± 11 


0.012 ±0.002 


0.012 ± 0.002 


Sum 






-89 ± 66 


0.22 ±0.03 


1.14 ±0.04 



TABLE II: 77 sum rule contributions of the light quark isoscalar mesons based on the present PDG values [18] of the meson 
masses (ttim) and their 27 decay widths F^.^,. Fourth column: a2 — ffo sum rule of Eq. (27a). Fifth, sixth columns: ci,C2 sum 
rules of Eqs. (28a, 28d) respectively. 



argument [23] , which amounts to replacing the integral of the heUcity difference cross section for the 77 X process 
(with X any hadronic final state containing charm quarks) by the corresponding integral of the hehcity difference 
cross section for the perturbative 77 — > cc process : 



00 00 



'■cont 



J ds^ [(72 - cro] (77 ^) « J ds^[a2- ao] (77 ^ cc), (34) 



where the perturbative cross section is given in Appendix B 2. The duaUty expressed by the approximate equaUty in 
Eq. (34) is meant to hold in a global sense, i.e. after integration over the energy of the helicity difference cross section 
above the threshold sd- As we have verified in Section III that the perturbative cross section satisfies the heficity 
sum rule exactly, i.e. 

00 

0= J ds ^ [(72 - ctq] (77 -> cc), (35) 
with Trie the charm quark mass, we can re-express Eq. (34) as : 

Icont ~ ~ y ds^[a2- (Jo] (77 cc). (36) 

4m? 



15 





rriM 
[McV] 


■p 

[Ke V J 


j — {(72- CTo) 
[nuj 


Cl 

fin~''r;pV~'*i 

1 -LU VJTC V J 


C2 

fin~'^r;eV~*i 

1 -LVJ VjrL. V J 






c 7 _|- A Q 

u. 1 ^ u.y 




n 

u 


1 7Q -1- n 9A 


Xco(lP) 


3414.75 ± 0.31 


2.32 ±0.13 
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0.50 ±0.06 


3.4 ±0.4 
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15.1 
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-0.7 ±2.1 







TABLE III: 77 sum rule contributions of the lowest cc mesons based on the present PDG values [18] of the meson masses (rriM) 
and their 27 decay widths T^^. Fourth column: the a2 — ao sum rule of Eq. (27a), for which we also show the duality estimate 
of Eq. (37) for the continuum contribution above DD threshold, as well as the sum of resonances and continuum contributions. 
Fifth, sixth columns: ci,C2 sum rules of Eqs. (28a, 28d) respectively. 



Using Eq. (B27) for the 77 — )• cc helicity difference cross section, we finally obtain: 

I 




4onf«-87ra" / ds-<-3\ll ^ + 2 In 

4mJ 



2mc 



4m? 



(37) 



Using the PDG value TOc « 1.27 GeV [18], we show the duaUty estimate for —Icont in Fig. 6, as function of the 
integration Umit sd (soHd red curve). Using the physical value of the DD threshold, sjj w 14 GeV^, we obtain: 
Icont ~ 15.1 nb. We notice that within the experimental uncertainty, this fully cancels the sum of the 770(15), Xco(l-P), 
and Xc2(l-P) resonance contributions to the cr2 — uo sum rule, as is shown in Table III. This cancellation quantitatively 
illustrates the interplay between resonances with hidden charm (cc states) and production of charmed mesons in order 
to satisfy the sum rule. It will be interesting to further test this experimentally by measuring the 77 production cross 
sections above DD threshold, where a plethora of new states (so-called XYZ states) have been found in recent years, 
see e.g. Ref. [24] for a review. 

We have also computed the meson contributions to the forward light-by-light scattering coefficients ci and C2 (fifth 
and sixth columns respectively in Tables I, II, III). The dimensionality of these coefficients requires them to scale 
with the meson mass uim as l/m,\^. Therefore, the higher mass mesons contribute very insignificantly to these 
coefficients. One notes that the coefficient ci, which involves the cross section (7||, does not receive any contributions 
from pseudo-scalar mesons, and is dominated by the tensor mesons a2(1320) and /2(1270), with smaller contributions 
from the scalar states around 1 GeV. On the other hand, the coefficient C2, which involves the cross section crj_, is 
totally dominated by the contributions from pseudo-scalar mesons, especially the light 7r°, with contributions of 77 
and r]' at the 10% level of the contribution. 



B. Virtual photons 

We next discuss the sum rule of Eq. (27b) when both photons are quasi-real. One immediately observes that pseudo- 
scalar mesons do not contribute to this sum rule. However scalar, axial-vector and tensor mesons will contribute to 
this sum rule. The sum rule will therefore require a cancellation mechanisms between scalar, axial-vector and tensor 
mesons, which we will study subsequently. According to Eq. (CIS), scalar mesons (with mass mg) can only contribute 
to the (T\\ term in the sum rule, and their contribution is given by: 

/'^4N,,.,,.o = 16.^'^- (38) 
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FIG. 6: Solid (red) curve: duality estimate for the negative of the continuum contribution of Eq. (37) to the helicity difference 
sum rule for charm quarks as function of the integration limit sd, which represents the threshold for charmed meson production 
{DD threshold). For reference, the dashed (blue) horizontal curve indicates the sum of the ryc(lS'), Xco(l-P), and Xc2(lf) 
resonance contributions to the (T2 — (Jq sum rule, as listed in Table III. The intersection between both curves near the physical 
DD threshold, sb ~ 14 GeV^ indicates a perfect cancellation between these resonance contributions and the duality estimate 
for the continuum contribution. 

In contrast, Eq. (C18) shows that axial-vector mesons (with mass ttia) can only contribute to the t^j^ term in the 
sum rule as: 



where we introduced the equivalent 2-f decay width f ^^(^) of Eq. (C16). 

The tensor mesons in general contribute to both terms of the sum rule of Eq. (27b). For the a\\ contribution, wc will 
use the experimental observation that light tensor mesons are produced predominantly (around 95 % or more) in a 
state of helicity A = 2, as discussed above. Neglecting therefore the much smaller do term, we obtain from Eq. (C28): 



with tensor meson mass m^. For the t^^ contribution to the sum rule of Eq. (27b), one sees from Eq. (C28) that it 
involves a helicity- 1 amplitude for tensor meson production by quasi-real photons, which unfortunately is not known 
experimentally for any tensor meson. It is reasonable to assume that for quasi-real photons this amplitude is much 
smaller than the helicity-2 amplitude which is known to dominate in the real photon limit. We will therefore neglect 
the helicity-1 contribution in the following analysis. 

One notes from Eqs. (38, 39, 40) that only axial-vector mesons give a negative contribution to the sum rule of 
Eq. (27b), whereas scalar and tensor mesons contribute positively. As the sum rule has to integrate to zero, one 
therefore obtains a cancellation mechanism between axial-vector mesons on one hand, and scalar and tensor mesons 
on the other. In Table IV, we show the contributions of the lowest lying scalar, axial-vector and tensor mesons, for 
which the 27 widths are known experimentally. One sees from Table IV that the two lowest lying axial-vector mesons 
/i(1285) and /i(1420) are entirely cancelled, within error bars, by the contribution of the dominant tensor meson 
72(1270). Using the experimentally known 27 widths, the deviation of the (zero) sum rule value is at the 2a level, 




(39) 




(40) 
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which hints at a moderate contribution of either another higher mass axial-vector meson state or a non-resonant 
contribution with axial-vector quantum numbers. 





ruM 
[MeV] 


[keV] 


[nb / GeV^] 


[nb / GeV^]' 


r an 
(ds U<T|| + 1 

J \_S-' II S Q1Q2 J q2_q 

[nb / GeV^] 


/i(1285) 
/i(1420) 


1281.8 ±0.6 
1426.4 ±0.9 


3.5 ±0.8 
3.2 ±0.9 






-93 ±21 

-50± 14 


-93 ±21 
-50 ± 14 


/o(980) 
/o(1370) 


980 ± 10 
1200 - 1500 


0.29 ± 0.07 
3.8 ± 1.5 


20 ±5 
48± 19 






20 ±5 
48± 19 


/2(1270) 

/2(1525) 
/2(1565) 


1275.1 ± 1.2 

1525 ± 5 
1562 ± 13 


3.03 ± 0.35 

0.081 ± 0.009 
0.70 ±0.14 


138 ± 16 

1.5 ±0.2 
12 ±2 


>o 


138 ± 16 

1.5 ±0.2 
12 ±2 


Sum 










76 ±36 



TABLE IV: Light isoscalar meson contributions to the sum rule of Eq. (27b) based on the present PDG values [18] of the 
meson masses (ttim) and their 27 decay widths V.y^. For the axial- vector mesons, we quote the equivalent 27 decay width 1"-,,.^ 
of Table VI. Fourth column: cry contribution, fifth column: t^l contribution, sixth column: total contribution to the sum rule 
of Eq. (27b). 



At finite Q\, for Q2 = 0, the three sum rules of Eqs. (27a, 27b, 27c) imply relations between the transition form 
factors for the contributing mesons. To date, experimental results for the 7*7 — >■ meson FFs only exist for the 
pseudo-scalar mesons 7r°,r],rj', and ?7c(lS'), as well as for the axial-vector mesons /i(1285), and /i(1420). For other 
mesons, in particular the tensor mesons, the corresponding form factors still wait to be extracted. We have seen from 
Table II that for real photons the dominant contributions to the helicity sum rule of Eq. (27a) come from 77,77', and 
72(1270) mesons, where the /2(1270) contribution cancels to 90% the contribution from the 77 and 77' mesons. We will 
therefore use the corresponding sum rule of Eq. (27a) at finite to estimate the 7*7 — > /2(1270) helicity-2 FF from 
the measured 7] and t]' FFs, given by Eq. (C7). Assuming that the helicity sum rule of Eq. (27a) is saturated by the 
?7, T]', and /2(1270) mesons, we then obtain: 



5r^^(/2) 



(2) 



Tr(0,0) 



1 

(1 + Q?/A2)^ 



where we have introduced the shorthand notation: 



Cp = 5 — • 



1 



Crj' 



(l + Q?/A^') 



2 ' 



(41) 



(42) 



For Qi = 0, the /2(1270) meson contribution cancels to 90% the rj + r]' contributions to the helicity sum rule. We can 
therefore use 



5r^7(/2) 



~ + , 



(43) 



which allows us to express Eq. (41) as: 



T(f(0,0) 



+ 



+ Cr,' (1 + Ql/K2y C, + Cr,, ^ ^2/^2, 



1/2 



(44) 



We can obtain a second estimate for the T*^^^ FF for the /2(1270) meson from the sum rule of Eq. (27b). We have seen 
from Table IV that for quasi-real photons the dominant contributions to this sum rule come from /i(1285), /i(1420). 
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and /2(1270) mesons, where the /2(1270) contribution cancels to 95 % the contribution from the /i(1285) and /i(1420) 
mesons. We can then also use the corresponding sum rule of Eq. (27b) at finite Ql to estimate the 7*7 /2(1270) 
helicity-2 FF from the measured /i(1285) and /i(1420) FFs, using Eqs. (C21, C24). Assuming that the hchcity sum 
rule of Eq. (27b) is saturated by the /i(1285), /i(1420), and /2(1270) mesons, which we denote by and /2 

respectively, and retaining only the supposedly dominant A = 2 FF for the tensor mesons, we obtain: 



1 + 



Ql 



Tfteo) 
T^f (0,0) 



1 



1 



(45) 



where 



CA = 



3r^ 



rrii 



(46) 



For Ql = 0, the /2(1270) meson contribution cancels to 95% the /i(1285) + /i(1420) contributions to the sum rule of 
Eq. (27b), which implies: 



5r^^(/2) 



(47) 



This allows to obtain a second estimate for the T*^^) FF for the /2(1270) meson as: 



(0,0) 



1/2 



1 + 



+ 



1/2 



(48) 



In Fig. 7 we show the two sum rule estimates of Eqs. (44) and (48) for the FF T^^^ for the tensor meson /2(1270) 
using the known experimental information for either 77,77' in Eq. (44), or /i(1285), /i(1420) in Eq. (48). When taking 
the ratio of both estimates, one sees that it is larger than 80% below 1 GeV^ and around 65% around = 2 GeV^. 
It will be interesting to confront these estimates with a direct measurement of the T^^^ FF for the /2(1270) tensor 
meson. 

In an analogous way, we can provide an estimate for the 02 (1320) FF from the tt*^ FF. We have seen from Table I 
that 7r° and a2(1320) provide the dominant isovector contributions to the helicity sum rule of Eq. (27a), where the 
a2(1320) contribution cancels to 70% the contribution from the 7r°. We can therefore use the sum rule of Eq. (27a) 
for one virtual photon to estimate the helicity-two FF T^^^ for the 02 (1320) meson in terms of the 7r° FF, given by 
Eq. (C7), as: 



Tif (0,0) ^ (1 + Q?/A2)- 



(49) 



As empirically the 7*7 7r° FF is the best known meson transition FF, it will be interesting to test the above 
prediction for the a2(1320) FF experimentally. 

V. CONCLUSIONS AND OUTLOOK 



We have studied the forward light-by-light scattering and derived three sum rules which involve energy weighted 
integrals of 7*7 fusion cross sections, measurable at e+e" colliders, which integrate to zero (super-convergence rela- 
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FIG. 7: Sum rule estimates for the form factor T'-'^\Q^ ,0)/T'^^^0,0) with helicity A = 2 for the tensor meson /2(1270). Red 
sohd curve: sum rule estimate from Eq. (44), using the experimental input from the rj and ri' FFs. Blue dashed curve: sum 
rule estimate from Eq. (48), using the experimental input from the /i(1285) and /i(1420) FFs. 
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In these sum rules the 7*7 fusion cross sections are for one (quasi-) real photon and a second virtual photon which 
can have arbitrary (space-like) virtuality. The first of the sum rules generalizes the GDH sum rule for the helicity- 
difference 77 fusion cross section to the case of one real and one virtual photon. The two further sum rules are for 
7*7 fusion cross sections which involve longitudinal photon amplitudes. 

We have shown that these sum rules are exactly verified for the tree level scalar and spinor QED cross sections. 
Verifications beyond the tree-level in various field theories are underway [17]. 

We have performed a detailed quantitative study of the new sum rules for the case of the production of light 
quark mesons as well as for the production of mesons in the charm quark sector. Using the empirical information in 
evaluating the sum rules, we have found that the helicity-difference sum rule requires cancellations between different 
mesons, implying non-perturbative relations. For the light quark isovector mesons, the ir^ contribution was found 
to be compensated to around 70% by the contribution of the lowest lying isovector tensor meson 02(1320). For the 
isoscalar light quark mesons, the rj and rj' contributions were found to be entirely compensated within the experimental 
accuracy by the two lowest-lying tensor mesons /2(1270) and /a (1525). In the charm quark sector, the situation is 
different as it involves the narrow resonance contributions below DD threshold, and the continuum contribution above 
DD threshold. For the narrow resonances, the ?7c was found to give by far the dominant contribution. When using a 
duality estimate for the continuum contribution, we found that it entirely cancels the narrow resonance contributions. 
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verifying the sum rule, and pointing to large tensor strength (helicity 2) in the cross sections above DD threshold. It 
will be interesting to tost this property experimentally. 

The helicity difference sum rule has also been applied for the case of one real and one virtual photon. In this 
case the 7*7 fusion cross sections depend on the meson transition form factors (FFs). We have reviewed the general 
formalism and parameterization for the 7*7 — )• meson transition FFs for (pseudo-) scalar, axial-vector, and tensor 
mesons. Because for scalar and tensor mesons the 7*7 transition FFs have not yet been measured, a direct test of the 
sum rules for finite virtuality is not possible at present. However, we were able to show that the helicity-difference 
sum rule allows to provide an estimate for the /2(1270) tensor FF in terms of the rj, and 77' FFs, and for the a2(1320) 
tensor FF in terms of the 7r° FF. Since empirical information on pseudo-scalar meson FFs is available, these relations 
provide predictions for tensor meson FFs which will be interesting to confront with experiment. 

The second new sum rule derived in this paper, involving the cr|| , aLT, and Tj^j^ 7*7 response functions, has also been 
tested for the case of quasi-real photons. As pseudo-scalar mesons cannot contribute to this sum rule, a cancellation 
between scalar and tensor mesons on one hand and axial-vector mesons on the other hand is at work. Using the 
existing empirical information for quasi-real photons, the contribution of the two lowest lying axial-vector mesons 
/i(1285) and /i(1420) was found to be entirely cancelled, within error bars, by the contribution of the dominant 
tensor meson /2(1270). When applying this sum rule to the case of one virtual photon, it again allows one to relate 
the /2(1270) tensor FF, this time to the transition FFs for the /i(1285) and /i(1420) mesons, which have both been 
measured. The predictions from the two different sum rules for the /2(1270) FF were found to agree within 20% for 
a virtuality below 1 GeV^, and within 35% up to about 2 GeV^. 

Besides the three super-convergence relations, we have also derived sum rules which express the coefficients in a 
low-energy expansion of the forward light-by-light scattering amplitude in terms of 7*7 X cross sections. These 
evaluations may be used as a cross-check for models of the non-forward light-by-light scattering which are applied to 
evaluate the hadronic LbL contribution to {g — 2)^. 

On the experimental side, the ongoing 77 physics programs by the BABAR and Belle Collaborations, as well as 
the upcoming 77 physics program by the BES-III Collaboration, will allow to further improve the data situation 
significantly. In particular, the extraction of the 7*7 response functions through their different azimuthal angular 
dependencies, and the measurements of multi-meson final states (tttt, ttt;, . . .) promise to access besides the pseudo- 
scalar meson FFs also the scalar, axial-vector and tensor meson FFs, thus allowing direct tests of the sum rule 
predictions presented in this work. 
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Appendix A: Kinematics and cross sections of the + e~ + e~ + X process 

The kinematics of the process e(pi) -|- e{p2) — > e{p'i) + 6(^3) + with X the produced hadronic state, in the 
lepton cm. system, i.e. the cm. system of the colliding beams (which we denote by cm. ee) is characterized by the 
four- vectors of the incoming leptons : 

Pi{E,pi), P2{E,-pi), (Al) 
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with beam energy E = \fsj2, and s = (pi +^2)^- 

The kinematics of the outgoing leptons can be related to the virtual photon four-momenta as : 

qx=V\- p'\, 92 = P2 - P2- (A2) 

The kinematics of the outgoing leptons then determines five kinematical quantities : 

• the energies of both virtual photons : 

uJr=q\=E-E[, U2 = ql = E-E'^, (A3) 

with E[ and E2 the energies of both outgoing leptons; 

• the virtualities of both virtual photons : 

Q\ = -ql = iEE[ sin^ 9,/2 + ^.^ , q2 = _g2 ^ 4^^/ ^^^^2 ^^^^ ^ q2 ^.^ ^ (^4) 

where 0i and 62 are the (polar) angles of the scattered electrons relative to the respective beam directions, and 
where the minimal values of the virtualities are given by (in the limit where E[ » m and E'2 » m, with m 
the lepton mass) : 

Ql, min — ™^ > min ~ '"^^ ' ^'^^^ 

• the azimuthal angle (p between both lepton planes, which in the lepton cm. frame can be obtained as : 

(cos</.) = P'i±-P2± (A6) 

where p[j_ and pfjj^ denote the components of the outgoing lepton four-vectors which are perpendicular to the 
respective beam directions, and are defined in the lepton cm. frame as : 

{p'i±r = -R"'{Pi,P2) (p'l). , (^'2^)" = -R>"'{pi,P2) {p'2)^ , (A7) 

with 

i?^^(pi,P2) = -9'"' + [(p^.p^)2_^4] {iP^ ■ P2) Kp2 - (P^'Pl +P^P2)}- (A8) 

In the following it will also turn out to be useful to determine kinematical quantities in the cm. system of the 
virtual photons ( which we denote by cm. 77). In particular, the azimuthal angle between both lepton planes, in the 
77 cm. frame, which we denote by (p is given by : 

7 _ Pl±- P2± , . „x 

COS (/> = zr-pr , (A9) 

[(m)Mm)2]'/' 

where pi±_ and P2± denote the transverse components of the incoming lepton four-vectors in the 77 cm. frame and 
are defined in a covariant way as : 

ipi^T = -i?^^ (91,92) (Pl). , {P2^T = -R^%qi,q2) iP2), , (AlO) 

with 

R''-{qi, 92) = -9^" + [(g^.g^)2_g2g2] {(91 • 92) (9r 92 + 92^ li) ' 9? 92^ 92 - 92^ 9^" 9^}- (AH) 
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As the rhs of Eq. (A9) is expressed in a Lorcntz invariant way, one can then evaluate all four-momenta in the lepton 
cm. frame, to obtain the expression of cos in terms of the lepton cm. kinematics. 

The cross section for the process e{pi) + e{p2) — e{pi) + 6(^2) + X, with X the produced hadronic state, can be 
expressed in terms of eight cross sections for the 7*7* X process, which where defined in Eq. (16), as : 

2y/X d^pj (fp^ 

IStt* Ql Ql s{l-Arrfi/s) ' Ei^ 

X {4 P++ P++ OTT + Pf Pf OLL + 2 P++ pf CJTL + 2 pf pt+ CJj^T 

1/2 



da 



+2 - 1) - 1) (cos 2^) TTT + 8 



[pf + l) (pOO + 1) 



(cos (j)^ 



ttl 



(P++-1) (pt^-l) 

+/ii/i2 4[(pr + l) {pT + l)f^ r^T + hih2 8[{pt+-l) {pt+-l)f (cos^) r^^}, (A12) 
where hi = ±1 and /12 = ±1 are both lepton beam helicities, and where we have defined kinematical coefficients : 



pr = 






4m^ 

Ql 


1 

'x 


pV = 






Am? 

Ql 


1 

'x 


pf = 


1 

X 


(2 Pi 


■ 92 - 




p'2' = 


1 

X 


(2P2 


• qi - 





(2pi ■q2-v) I , 

^(2p2- 91-2^)^1 , 



(A13) 



The 7*7* - 
are given by 



Appendix B: Tree-level 7*7* cross sections in QED 
1. Scalar QED 

cross sections (with 5^ an electrically charged structureless scalar particle) to lowest order in a 



with 



Co + <''2 = cry + (T_L 

2 

„2,,3 



(7|| - cr_L 



a 



4 X3 



2-«-(l-^y 

l_a + 2(l-— V 
sv ) 



(l-a)(3-^+a|L 



(To — £72 = a 27r 



X2 



/^( 1- +(l-a)L|, 



ctlt = 
Ttl = 



9 



c^^^Q'i 



X3 



X3 



2 + -^(l-£ 

1 — O \ SI/ 



{-3v^+(3-a)L} 



- 3 + 



X 



sv 



a'\QiQ2^ [-^+ {l-'^+a]L 



T^L = a\QiQ2^{^[2>- 



AX 



sv 



l-a + 2( 1- — ^ 
sv J 



L = \n 



1 + 



1 - 



Am 



(Bl) 

(B2) 

(B3) 

(B4) 

(B5) 
(B6) 

(B7) 
(B8) 
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In the limit where one of the virtual photons becomes real {Q2 = 0) in case of the response functions involving only 
transverse photons, or becomes quasi-real (Qi ~ 0) in case of the response functions involving a longitudinal photon, 
the above expressions simplify to : 



with 



[(T|| - a±] 



Qi=0 



Q1Q2 

" 1 



1 



Q1Q2 
1 



Q1Q2 



Qi=0 



Qi=0 



Qi=0 



Qi=0 



[(TO - CT2]q2^0 = "^47r 



{s + Qlf 
s 

{s + Qlf 

s 

{s + Qlf 
{s + QlY 



Am? 



s 



8m2 2to2 



L 



Am? /2m2 Q\\ 8m^ (m 
s \ s ) s 

+ L), 



S \ 8 



1 - 



Am'^ 



8 + 



4m2 



1 - 



Ql 



- 7 + 



Ql 



1 - 



-3a 1 



Am? 



+ 2 1 



2to" 



Am^ 



Ql Aw? 



Am^ 



2Ql 



Ql 



Am^ 
s 



v5 
2m 



1 + A 1- 



Am^ 



(B9) 
(BIO) 
(Bll) 
l| , (B12) 
(B13) 
(B14) 
(B15) 

(B16) 
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2. Spinor QED 



The 7*7* — >■ qq cross sections (with q an electricahy charged structureless spin-1/2 particle) to lowest order in a 
are given by : 



Co + (72 



<7|| - (T_L 



Co — C2 



0-|| + CT_L 
t.2,,3 



X3" 



-4 1 



X 
sv 



(1 - a) + 



Q1Q2 



1 4X^ 



(1 — a) s^u^ 



+ 



.2„3 



2 X3 



-(l-a)-2 1 



2X 



+ 



(l-«)'+4(l-a) 1 i 



sv 

X2 



ctlt = o?t^Q\ 



sv v'^ (1 — a) sv 
(3 - 2a) QlQl 
(1 - a) X 



-2 1- 



X 



+ 2 + 



+ 



X 



(1 - a) 



(z, _ Qlf _2(l _ a) - (3 - a) 



X 



(B17) 



+ 2zyg^(l + a)-Q|(3 + a) 



a227r(OiQ2)' 



Z/X2 1-0 



L 



shJ^ 



with 



i = In 



4X\ 
sv ) 



1 + Va 



3-^-«U 



a = 



1- 



4to 



(B18) 
(B19) 
(B20) 

L \ , (B21) 
(B22) 
(B23) 

(B24) 



In the limit where one of the virtual photons becomes real {Q2 = 0) in case of the response hmctions involving only 
transverse photons, or becomes quasi-real {Q2 ~ 0) in case of the response functions involving a longitudinal photon, 
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the above expressions simplify to : 



Q1Q2 

1 



1 



Q1Q2 
1 



Q1Q2 



Qi=0 



Qi=0 



Qi=0 



Qi=0 



with 



„2 



o2 



an287r 



= Q!^167r 



2^5 



{s+Qir 



0, 



4m^ 



s 



1 - 



^_4m2/2rn2 Qf\ 



4m2 



3- 



2 1 



4m^ 4m^ 

1 — — 



-\ 1- 



4m^ 



20f 4m" 
s s 



2m 



1 + 



4m? 



Lp25) 
(B26) 
(B27) 
(B28) 

(B29) 
(B30) 
(B31) 

(B32) 



Appendix C: 7*7* — >^ meson transition form factors 

In this Appendix we detail the formalism and the available data for the 7*7* — > meson transition form factors (FFs), 
and successively discuss the C-even pseudo-scalar (J-^*-^ = '"), scalar (J-^*^ = 0++), axial-vector (J^"-^ = 1"'"+), and 
tensor {J^'-'' = 2++) mesons. 



1. Pseudo-scalar mesons 

The process 7*(9i, Ai) -|-7*(q'2, A2) — >■ describing the transition from an initial state of two virtual photons, with 
four-momenta qi,q2 and helicities Ai,A2 = 0, ±1, to a pseudo-scalar meson ^ = 'jT^,ri,r]',r]c,--- {J^^ = '") with 
mass mp, is described by the matrix element : 

^(Ai, A2) = -i e^^^p s^'iqi, Ai) e^fe, A2) F^^,^, {Ql Ql), (CI) 

where e'^{qi,Xi) and e'^(g2, A2) are the polarization vectors of the virtual photons, and where the meson structure 
information is encoded in the form factor (FF) F^^.^. , which is a function of the virtualities of both photons, satisfying 
F0ii^*.y*{Q\,Q2) = F^^*jt{Q2,Qi)- Prom Eq. (CI), one can easily deduce that the only non-zero 7*7* ^ helicity 
amplitudes, which we define in the rest frame of the produced meson, are given by : 

^(Ai = +1, A2 = +1) = -^(Ai = -1, A2 = -1) = -e^ 4XF^^,^, {Q\, Ql) . (C2) 

The FF at Qf = Qi = 0> F^^.-y. (0,0), describes the two-photon decay width of the pseudo-scalar meson : 

r77(-^)=^"ip 1^^7*7- (0,0)P, (C3) 
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with mp the pseudo-scalar meson mass, and a = /{A-k) ~ 1/137. 

In this paper, we study the sum rules involving cross sections for one real photon and one virtual photon. For one 
real photon (<5| = 0), the only non- vanishing cross sections in Eq. (16) arc given by : 

r ( ^) / 

['^o]q2=o = [^^]qI=o = 2 Mqi^o = - [^tt]q2=o = ^(s - m'p) 16 tt^ "'^^ [l + ^ j 

For massless quarks, the divergence of the isovector axial current, = -^{uj^j5U — d^'^^^d), does not vanish but 

exhibits an anomaly due to the triangle graphs which allow the 7r° to couple to two vectors currents (Wess-Zumino- 

Witten anomaly). For the tt^, the chiral (isovector axial) anomaly, predicts that its transition FF at = = is 
given by : 

F^o^.^.(0,0) = ^^, (C5) 
where the pion decay constant is defined through the isovector axial current matrix element : 

(0|yl^(0)|7rO(rt>=»(^/2A)p^ (C6) 

When using the current empirical value of the pion decay constant ~ 92.4 McV to evaluate the chiral anomaly 
prediction of Eq. (C5), one obtains the value FM^y'-yiO) — 0.274 GeV~^, which yields through Eq. (C3) a 27 decay 
width in very good agreement with the experimental value (see Table I). 

The form factors F^^.^. (Q^, 0) for one virtual photon and one real photon have been measured for 7r°, t], r( by 
the CELLO [25] , CLEO [26], and BABAR [8, 27] Collaborations, and for 77^(15') by the BABAR Collaboration [28]. 
In the Q\ range up to 10 GeV^, a good parameterization of the data is obtained by the monopole form : 

F^,.^.(o,o) i + QfMV ^^'^ 

where Ap is the monopole mass parameter. In Table V, we show the experimental extraction of Ap for the tt^jIJ,!]', 
and r]c{^S) mesons. 





Ap 




[MeV] 




776 ± 22 


V 


774 ± 29 


v' 


859 ± 28 


VcilS) 


2920 ± 160 



TABLE V: Experimental extraction of the monopole mass parameter in the 7*7 form factors, according to the fit of 

Eq. (C7). The measured value of Ap for ^ = ,ri,ri' is from the CLEO Collaboration [26]. For the ridlS) state, the measured 
value is from the BABAR Collaboration [28]. 



2. Scalar mesons 

We next consider the process 7*((7i, Ai) + 7*(q2, A2) — > describing the transition from an initial state of two 
virtual photons, with four-momenta qi,q2 and helicities Ai,A2 = 0,±1, to a scalar meson =5^ (J^*^ = 0++) with 
mass ms- Scalar mesons can be produced either by two transverse photons or by two longitudinal photons [4, 30]. 
Therefore, the 7*7* transition can be described by the matrix element : 

^(Ai,A2) = e2£^(gi,Ai)e'^(g2,A2) 

X (^-^) |-i?''^(gi,g2)F^,.^.(Q?,Qi) + ^ (9^ + ^92") (^2 + Fi^.,.,.(Q?,Qi)| ,(C8) 



F^^'^» (Qi, 0) 
F^^.^.(0,0) 



.(C4) 



27 



where we introduced the symmetric transverse tensor : 

R^''{quq2) = -9^- + ^ {i^ « + q^ q^O + Q? q^ q^ + Ql q'i), (C9) 
which projects onto both transverse photons, having the properties : 

qii.R''''{qi,q2) = 0, 52) = 0, g2^i?^"(«i, ^2) = 0, q2.R'"' {qi,q2) = 0. 

In Eq. (C8), the scalar meson structure information is encoded in the form factors F^^,^, and F^^,^,, which are a 
function of the virtuahties of both photons, where the superscripts indicate the situation where either both photons 
are transverse (T) or longitudinal (L). Note that the pre- factor v jms in Eq. (C8) is chosen such that the FFs are 
dimensionless. Furthermore, both form factors are symmetric under interchange of both virtuahties : 



Prom Eq. (C8), one can easily deduce that the only non-zero 7*7* helicity amplitudes are given by : 



(CIO) 



1 = +1,A2 = +1) = ^(Ai 
i = 0,A2 = 0) = 



ms 



1,A2 

Fy^,^,{Cl\,Qi^ . 



l)=e'^F^^^,^,{QlQl), 
ms 



2 Q1Q2 ina n,2 



(Cll) 



The transverse FF at Q\ = Q\= 0, Fjp^,^. (0, 0), describes the two-photon decay width of the scalar meson : 



7ra 



T^^{S^) = —ms\F^^,^,{Q,Q)\' 



(C12) 



In this paper, we study the sum rules involving cross sections for one real photon and one virtual photon. For one 
real photon {Q\ = 0), the only non- vanishing cross sections in Eq. (16) are given by : 

2 



[<^o\qI=o = [^||]q2^o = 2 [^tt]q2=o = ["^ttIqi^o = ^{s - ml) IQw' 



2 ^iii'^) 



ms 



1 



Qi 

m\ 



F^,,^,(Q^O) 



.(C13) 



Axial-vector mesons 



We next discuss the two-photon production of an axial vector meson. Due to the symmetry under rotational 
invariance, spatial inversion as well as the Bose symmetry of a state of two real photons, the production of a spin-1 
resonance by two real photons is forbidden, which is known as the Landau- Yang theorem [29] . However the production 

of an axial-vector meson by two photons is possible when one or both photons are virtual. The matrix element for 
the process 7*((Zi, Ai) + 7*(<72, A2) — > .f/. describing the transition from an initial state of two virtual photons, with 
four-momenta q\, q2 and helicitics Ai, A2 = 0, ±1, to an axial-vector meson jz/ (J^*^ = 1^^) with mass m,A and helicity 
A — ±1,0 (defined along the direction of <fi), is described by three structures [4, 30], and can be parameterized as : 



i,A2;A) = e^£^(gi,Ai)£^(g2, A2)£"*(p/, A) 



X l£ 



para 



{ 



R^'{quq2)R-''{quq2) {qi - q2r ^ F^^\.^,{QI,QI) 



■R'''{qi,q2){q'^ 



Ql 



■^i/7*7*('3l)'32) 



+ R^''{qr,q2) {q^ + ^(?r) 92 ql ^ F%,. {Ql Ql)] ■ (C14) 



and F^^^ 

the superscript indicates the helicity state of the axial- vector meson. Note that only transverse photons give a non-zero 



In Eq. (C14), the axial- vector meson structure information is encoded in the form factors F^'^,^, and where 
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transition to a state of helicity zero. The form factors arc functions of the virtuahties of both photons, and Pj^}^,^, 
is symmetric under the interchange ^ Q\. In contrast, -F^^.^. does not need to be symmetric under interchange 
of both virtualitics, as can be seen from Eq. (C14). 

From Eq. (C14), one can easily deduce that the only non-zero 7*7* — )■ ^ helicity amplitudes are given by : 



+1,A2 = +1;A = 0) 



= 0,A2 = +1;A = -1) = -e^Qi 



= -l,A2 = 0;A = -l) = -e^Q^ 



-1,A2 
X 



-1; A = 0) = (Q^ - g^) (Q^ , Qi) 



•A 



X 



(C15) 



Note that the helicity amplitude with two transverse photons vanishes when both photons are real, in accordance 
with the Landau- Yang theorem. 

The matrix element Fj^l^,^{0,0) allows to define an equivalent two-photon decay width for an axial-vector meson 
to decay in one quasi-real longitudinal photon and a (transverse) real photon as ^: 

v2 



r^^(^) = lim 



A 1 



r ^ 727t) 



Tra 



(C16) 



where we have introduced the decay width T IlIt) for an axial- vector meson to decay in a virtual longitudinal 

photon, with virtuality Q\, and a real transverse photon {Q\ = 0), as : 

.2 1 n2 / n2x3 . ^^^^ „ ,2 



1 + 



Qi 



(C17) 



In this paper, we study the sum rules involving cross sections for one real photon and one virtual photon. For one 
quasi-real photon {Q2 0), we can obtain from the above helicity amplitudes and using Eq. (14) the axial- vector 
meson contributions to the response functions of Eq. (16) as : 

4 

m , 



1 + 



F%,,{Ql,Q) 



,2 3f^^(^) Ql 



ruA 



1 



m , 



F 



(1) 



(Qlo) 



F^Z,AO,0) 



[ttl]q2=o = -[t^l]qi=o = S{s-m\)8n 



2 3f^^(^) O1Q2 



niA 



1 + 



F'J',,,,{QlO) F^J\,^,{0,QI) 



F^J\,^,{0,0) F'J!^,^,{0,0) J 



(1) 



.(C18) 



Extracting the FFs F^^\ and F^*^' separately from experiment requires the measurements oiaLT and gtt respectively. 

As experiments to date have not achieved this separation, one is so far only sensitive to the quantity cttt + o'lT; 
where ei is a kincmatical parameter (so-called virtual photon polarization parameter) defined as £1 = pf/2p++, sec 
Appendix A. Note that in high-energy collider experiments, one typically has ei ss 1. From Eq. (CIS) one then 
obtains for this experimentally accessible combination : 



CTLT 1 + 



1 Ct'T 



1 



£1 (^LT J 



= (5(s-mi)167r' 



3r 



77 



Qi=0 



ruA 

2 

+ 



ml 



1 + 



Ql 



1 



El 2m\ 



F^J\,^,{QlO) 



(C19) 



^ In defining the equivalent two-piioton decay width for an axial- vector meson, we follow the convention of Ref. [30], which is also followed 
in experimental analyses [31, 32]. Note however that the definition for Fjj adopted here is one half of that used in Ref. [33]. 
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Wc can compare the above general formalism for the two-photon production of an axial-vector meson with the 
description of Ref. [33], which is commonly used in the literature, and is based on a non-relativistic quark model 
calculation leading to only one independent amplitude for the 7*7* — >■ =2/ process as : 



^(Ai,A2;A) = e2£'*(gi,Ai)£'^(g2,A2)£«*(p/,A) {-Qlql + QUl) MQIQI), 



(C20) 



where the independent form factor A satisfies : A{Ql,Q2) — A{Q2,Ql). In such a non-relativistic quark model limit, 
we can recover Eq. (C20) from Eq. (C14) through the identifications : 

F^^HQIQD = m\A{QlQl), 



X 



i,^ + Ql)mlA{QlQ 



2)' 



(C21) 



in which 21/ = m\ + Qf + Qi- ^^ch model, the experimentally measured two-photon cross section combination of 
Eq. (C19), where Q2 = 0, is proportional to : 



O-LT 1 + 



1 (TtT \ 

ei ctltJ 



(5(S-TO^) 16 TT 



Qi=0 



2 s r^^K) 

rriA 



1 



01 
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1 



£1 2m^ 



A(0,0) 



(C22) 



To apply this formula to experimental results where the axial-vector meson has a finite width, one commonly replaces 
the delta-function in Eq. (C22) by a Breit-Wigner form, yielding : 



CTLT 1 + 



1 (TtT 
£1 CTLT 



^77 (-6^) ^ total 



Ql 



1 + 



1 + 1 



e\ 2m^ 



A(0,0) 



(C23) 



where ^ total is the total decay width of the axial-vector meson. 

Phenomenologically, the two-photon production cross sections have been measured for the two lowest lying axial- 
vector mesons : /i(1285) and /i(1420). The most recent measurements were performed by the L3 Collaboration [31, 
32]. In those works, the non-relativistic quark model expression of Eq. (C23) in terms of a single FF A has been 
assumed, and the resulting FF has been parameterized by a dipole : 



1 



2 ' 



(C24) 



where is a dipole mass. By fitting the resulting expression of Eq. (C23) to experiment (for which £1 Ri 1, and for a 
Q\ range which extends up to 6 GeV^), one can then extract the parameters F^-y and Ai. Table VI shows the present 
experimental status of the equivalent 27 decay widths of the axial- vector mesons /i(1285), and /i(1420), which we 
use in this work. 





VTiA 


f 


Aa 




[MeV] 


[keV] 


[MeV] 


/i(1285) 


1281.8 ±0.6 


3.5 ±0.8 


1040 ± 78 


/i(1420) 


1426.4 ±0.9 


3.2 ±0.9 


926 ± 78 



TABLE VI: Present values [18] of the /i(1285) meson and /i(1420) meson masses mA, their equivalent 27 decay widths 
r^^, defined according to Eq. (C16), as well as their dipole masses A>i entering the FF of Eq. (C24). For F^^, we use the 
experimental results from the L3 Collaboration : /i(1285) from Rcf. [31], /i(1420) from Ref. [32]. Note that for the /i(1420) 
state, only the branching ratio r77 x ^ kk-kI^ total is measured so far, which we use as a lower limit on r77. 
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4. Tensor mesons 



The process 7*(gi, Ai) + 7*((72j A2) — > •$^(A), describing the transition from an initial state of two virtual photons 
to a tensor meson (J^*^ = 2++) with mass mr and helicity A = ±2, ±1,0 (defined along the direction of q\), is 
described by five independent structures [4, 30] , and can be parameterized as : 

^(Ai,A2;A) = e^e^(qi, Ai)ei.(g2,A2)e*^(?3/,A) 

X ([i?'^"(«i,g2)i?''^(5i,52) + ^ii;''^(5i,«2)(5i - 52)" (51 - q2f \ —T^^\QIQI) 

\ ^ J n^T 

+ R^''{q^,q2){qi - q^T (ft " q2? — T^'^'^HQIQD 

rriT 

+ {q1 + ^qi) (92 + ^ql) (91 - 92)"(9i - q2f ^ r(0'^)(Q?, , (C25) 

where SapiPf, A) is the polarization tensor for the tensor meson with four-momentum pf and helicity A. Furthermore 
in Eq. (C25) T^^^ are the 7*7* transition form factors, for tensor meson helicity A. For the case of helicity 

zero, there are two form factors depending on whether both photons are transverse (superscript T) or longitudinal 

(superscript L). 

From Eq. (C25), we can easily calculate the different helicity amplitudes as : 

^(Ai = +1, A2 = -1; A = +2) = ^(Ai = -1, A2 = +1; A = -2) = — r(")(Qf , Q\) , 
^(Ai = 0, A2 = +1; A = -1) = -e^ Qi ^ f ^) T^^\Q\, Q\) , 

^(Ai = -l,A2=0;A = -l) = e2Q2 45 2^^'^(Qi, Q?) , 

/_ y(0,T)(Q2 q2^^ 

O \^ TTlrp J 

^(Ai=0,A2 = 0;A = 0) = -e2OiQ2./| f^^l t(°>^HQ^Q2)- (C26) 



3 Vz^^rriy 



The transverse FFs and T^^'-^^ sX Q\ = Q\ = Q describe the two-photon decay widths of the tensor meson with 
helicities A = 2 and A = respectively : 



r^^(^(A = 2)) = !^mT^|T(2H0,0)|2, 

r,,(^(A = 0)) = !I^mT^|T(0'^H0,0)p. (C27) 

In this work, we study the sum rules involving cross sections for one real photon and one virtual photon. For one 
quasi-real photon (Qj — 0), we can obtain from the above helicity amplitudes and using Eq. (14) the tensor meson 
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contributions to the response functions of Eq. (16) as : 



hl]Qi=0 



QiQ: 



■ttl 



QiQ: 



rriT 



m: 



2 X 3 
1_ 
2 



T(^)(Qf,0) ^' 
T(2)(0,0) 

r(o.^)(o,o) 



^2 + CTo 



Qi=0 



:0-2 



Qi=0 



(5(s 






01 






5{s 


- m|,)87r^Q2 




_ 01 







t(i)(Q?,0) 



(l + T(o-^) (Q?, 0) T(o.^) (Q?, 0) - iT(i) (Q?, 0) T^) (0, Q?) | , 



(5(s-TO|)8 7r3a2 



Qi=0 



0? 



X |^(l + ^yT(o.^)(Q?,0)T(O'^)(O?,0) + iTW(Q?,0)T«(0,O?)| , 



(C28) 
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